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Abstract: This paper presents a numerical investigation of the complex phenomena which can occur at an interaction 
between fold and Hopf curves. In a two-parameter problem, qualitative information about steady state and periodic 
solutions can be obtained by computing the bifurcation set, consisting of fold curves and curves of Hopf points. This 
paper studies the evolution of the bifurcation set with respect to a third parameter for two mathematical models, the 
Brusselator trimolecular reaction scheme and a tubular reactor model. We find that a limit point of a branch of 
B-points coincides with a cusp point of a fold curve. At such a limit point branches of Hopf curves can disappear or 
can be detached from the fold curve. Bifurcation of two fold curves at a cusp point and bifurcation of Hopf curves has 
been detected too. 
Keywords: Nonlinear phenomena, bifurcation, dynamics. 
1. Introduction 
In this paper we perform a numerical investigation of the interactions of fold curves and Hopf 
curves in two- and three-parameter problems. 1 It is well known that in a two-parameter problem 
a Hopf curve can emanate from a fold curve at a B-point, i.e. a codimension two bifurcation 
point at which the Jacobian matrix of the steady state problem has a double eigenvalue zero, but 
only a one-dimensional nullspace (see e.g. [6]). The continuation of a branch of B-points with 
respect to a third parameter reveals several interesting phenomena in the bifurcation set of the 
two-parameter problem at critical values for the third parameter. 
We observed the “birth” and “death” of Hopf curves at degenerate B-points coinciding with a 
cusp, but also other interactions have been detected, e.g. bifurcations of Hopf curves and 
bifurcations of fold curves at a cusp. 
i We will use the terms fold curve and Hopf curve in the sequel of this text to denote branches of quadratic turning 
points and branches of Hopf bifurcation points respectively. 
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Although at this moment a complete theoretical analysis of the observed phenomena seems to 
be lacking, we conjecture that our results obtained for two sets of partial differential equations 
describing chemically reacting systems, are of a general nature and can be applied to other 
problems as well. Similar interactions between B-points and cusps as we found are discussed by 
Guckenheimer in an analytical study of the CSTR [7]. 
In the next section we briefly recall some definitions and theoretical results concerning 
branching in one- and two-parameter problems. In Section 3 we discuss the numerical methods 
which were applied for the numerical analysis. Finally, in Sections 4 and 5 we present the results 
obtained for the Brusselator model and the tubular reactor model respectively. 
2. Folds, Hopf points and B-points 
We first consider a one-parameter problem of the form 
du,‘dt=F(u, (~i), P: Iw”xlw +[w”, 
and we briefly recall the definitions of folds and Hopf points, 
0) 
2.1. Fold 
A steady state solution ( uf, af) of (1) is a fold with respect to (Y, if 
dim N( F,( uf, ai)) = codim R( F,( uf, cx{)) = 1 
and if 
c, @R(F,(uf, a;)). 
where N and R denote nullspace and range respectively. 
Assume that the right and left nullvectors of the Jacobian matrix F,( uf, ai) are represented by 
+f and $f, then the last condition can be written as 
$f ‘Fa,( uf, a;) # 0. 
Based on the value of the scalar quantity 
a = $f =F,,( uf, CY;)$~+~ 
quadratic and higher order folds can be distinguished from each other. If a f 0 then ( uf, a;) is a 
quadratic fold, while ( uf, af) is a cubic or higher order fold if a = 0. The terms quadratic and 
cubic refer to the shape of the solution branch in the neighborhood of the fold, resembling 
respectively a quadratic or a cubic polynomial. 
2.2. Hopf point 
A steady state solution ( uh, (Y:) of (1) is a Hopf point if the Jacobian matrix F,( uh, czf) has a 
pair of purely imaginary eigenvalues + itih (ah # 0) with corresponding complex eigenvectors 
+F f i@. * At a Hopf point a branch of time periodic solutions bifurcates from a branch of 
steady state solutions. 
’ Also some rather technical conditions must be satisfied, see e.g. [6,10]. 
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Let us consider now a two-parameter problem of the form 
du/dt=F(u, (pi, a,), F: lR”xR’xIR +R”. (4 
It is well known that fold curves and Hopf curves can exist in a two-parameter problem, see e.g. 
[12,24]. This is due to the fact that quadratic folds and Hopf points are structurally stable in a 
one-parameter problem, i.e. they persist if the problem is slightly perturbed. A cubic or higher 
order fold on the other hand is not structurally stable in a one-parameter problem. A cubic fold 
in a one-parameter problem corresponds in general to a cusp catastrophe in a two-parameter 
problem [24]. 
It has been proved theoretically that a Hopf curve, in case it is not an isola, ends at or 
emanates from a degenerate Hopf point with ah = 0, which lies on a fold curve. Theoretical 
results about this codimension two singularity goes back to work of Takens and Bogdanov and 
can be found in [1,5,6] and the references therein. We will call this singularity a B-point as in [5] 
(in other papers th is point is called an “origin for Hopf bifurcation” [21,22] or “(O)*-fold point” 
[13,25]). At a B-point a Hopf curve bifurcates from the fold curve and the branching is 
one-sided. 
A B-point can be characterized mathematically as follows. 
2.3. B-point 
A steady state solution (u’, a:, ai) of (2) is called a B-point if the Jacobian matrix 
F,( u”, CY~,CY~) has a double eigenvalue zero and a one-dimensional nullspace. 
It follows that the right and left nullvectors of F,( u”, a:, c&, denoted by +’ and q”, are 
orthogonal [lo], i.e. 
F,(u’, a,O, a;)+O=O, II~“l12=L 
F;L-(u’, a;, 4)G” = 0, II #O II 2 = 1, 
I)“‘$BO = 0, 
Then the Jacobian matrix also has a generalized eigenvector lo satisfying 
F,( u”, a:, a:){” = $I’ and cpOTlo = 0. 
Assuming that the B-point is a fold with respect to (Y,, the following condition must be satisfied: 
+oTFa,(uo, a;, a;) # 0. 
In general the B-point is a quadratic fold, i.e. 
$OTFu,( u”, I$, (Y;)+‘+’ f 0. 
If the last condition is not satisfied, we will call (u’, a:, CX~) a degenerate B-point, which 
(generically) coincides with a cusp. 
A B-point is structurally stable in a two-parameter problem, thus branches of B-points can 
exist in a three-parameter problem of the form 
du/dt=F(u, (~1, (~2, a,), F: R”xRx~R~R+R”. (3) 
Such a branch of B-points can have a limit point with respect to the third parameter (Ye, say at 
(Y:. In this paper we study the phenomena occurring in the bifurcation set of the two-parameter 
problem with parameters (pi and (Ye in case the third parameter (Ye reaches its limit point value 
0 
a3- 
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A branch of B-points can also contain singular points where the Jacobian matrix F, has a 
triple eigenvalue zero with a two-dimensional nullspace. In [4] such singularities are called “ triple 
points” and it is shown there how one can compute branches of codimension two bifurcation 
points, emanating from these triple points. 
3. Numerical methods 
Fold curves, Hopf curves and branches of B-points can be computed by a continuation 
procedure applied to suitable determining systems for the branching points. The key property of 
these determining systems is that the folds, Hopf points and B-points respectively correspond to 
regular solutions of these extended systems, i.e. the Jacobian matrix of the determining system is 
nonsingular. 
In our computations the following determining systems have been used: 
(a) Fold curues [16,23]: 
(b) Hopf curues [ 201: 
‘F(u, (~1, 4 =O, 
&;;(u, (~1, a,)+ = 0, 
,+r= 1. 
(Fb, (~1, (~2) =O, 
H(u, (~1, (~2, 0, P> = 
I 
(r&c% al, a2,l’ 
P’P = 1, 
qTp=o. 
(c) Branches of B-points [21,22]: 
+ 021)p = 0, 
(4) 
(5) 
(6) 
Although Hopf points and B-points are defined only for time-dependent problems, these 
branching points can be computed by considering only the steady state equations, as can be seen 
from Section 2 and the determining systems given above. If the time-dependent problem is a 
partial differential system, as in the examples treated below, one only has to discretize the steady 
state equations, e.g. by finite differences. 
For the continuation of these branching points, a predictor-corrector continuation procedure 
can be used [14,19]. In general, the corrector part consists of a Newton(-like) iteration applied to 
the determining system augmented with an extra equation. Thus, for the continuation of folds, 
B. De Dier et al. / Interaction between fold and Hopf curves 175 
Hopf points and B-points, each Newton step requires the solution of a linear system of 2n + 2, 
2n + 3 or 3n + 3 equations respectively. These linear systems can be solved efficiently by 
combining the block elimination algorithm of Keller [14] with linear system solvers which exploit 
the structure of the Jacobian matrix of the determining systems [16,20,22,4]. 
It is evident that a sufficiently good starting point has to be provided in order to start the 
continuation. A starting point on a fold curve can easily be found by a continuation of a branch 
of solutions of a one-parameter problem and by monitoring a suitable test function, e.g. det( F,) 
or dcu,(s)/ds, where s is the arclength. During the continuation of a fold curve in a two-parame- 
ter problem, a B-point can be detected easily by monitoring COS(+~, qf) [21,22]. If the eigenvec- 
tors are appropriately scaled, this testfunction changes sign at a B-point. Procedures for the 
computation of the emanating Hopf curve from a known B-point are given in [22,13,25]. 
4. Application to a model problem: the trimolecular Brusselator reaction scheme 
In this section we will apply the theoretical statements and the numerical methods of the 
previous sections to determine the parametric dependence of the B-points, which were detected 
for the Brusselator model and reported in [22] and in [4]. 
4.1. The model 
Turing [26] proposed a chemical model to explain some of the phenomena occurring in living 
systems; Prigogine and Lefever [18] elaborated his work and developed the Brusselator scheme. 
The bifurcation behaviour of this model has been studied in several papers, see e.g. [17,2,11]. The 
reaction-diffusion equations for this trimolecular scheme in one space dimension are given by the 
following set of partial differential equations: 
aA tI*A L* _--- 
at- a22 DAA’ 
-=- B+l)X-X*Y-A), 
ay a*y _=- -g(x*Y-BX), at az2 y 
aB a*B L2 _- 
at - a22 - GBX’ 
Here DA, DB, D, and D, represent the respective diffusion coefficients of the components, 
while A, B, X and Y stand for their concentrations; L is the basic parameter of the scheme and 
indicates the length of the one-dimensional reactor, z is the dimensionless space coordinate and 
varies between 0 and 1. For X and Y we consider zero flux boundary conditions 
dX dY -=- 
dz dz 
=o (z=O, l), (7b) 
while the border concentrations of A and B are fixed by Dirichlet boundary conditions: 
A=A,, B=B, (z=O, 1). (7c) 
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The most important parameter of this scheme is the reactor length L. As a second parameter we 
choose DA, the diffusion coefficient of component A, since A is an initial component for this 
scheme and its diffusion ability will strongly influence the spatial dependence of components X 
and Y. The other initial component for this chemical model is B; it is evident that also the 
border concentration of components A and B, respectively A, and B,, are of great importance 
for the spatial distribution of the intermediate components X and Y. We have chosen the 
diffusion coefficient of component B to be infinite, hence the concentration of B is uniform and 
equal to the border concentration B,. Thus we consider L, DA and B as the parameters denoted 
by (pi, (Ye and (Ye in the previous sections. The other parameters of this scheme were fixed to the 
following values: 
D,= 0.0016, D,= 0.008, DB = cc and A, = 2.0. 
To solve the equations (7) we used the following 0( h4)-discretization of the Stormer-Numerov 
type on an equidistant mesh with spacing h and gridpoints z, 
2 +/W)~ +u,-,-2uj+u,+, I + [J; + iw-I - 2°C +h+Jl. 
z = z, 
(8) 
Using this discretization, we can approximate (7) by a system of the form (1). Then the Jacobian 
matrix FU(u, L, DA, B) is a bandmatrix with bandwidth d = 7. In our computations we used 42 
discretization points (h = &), which proved to give a sufficiently small discretization error, such 
that an accuracy of a few digits on the results is obtained. 
4.2. Results 
We now present a description of some of the interactions of fold curves and Hopf curves for 
the Brusselator model described by (7). Therefore we used the continuation code PITCON of 
Rheinboldt and Burkardt [19], applied to the original problem and to the augmented systems for 
folds, Hopf points and B-points, given in the previous section. 
We first have constructed a bifurcation diagram with respect to the parameter L for DA = 0.5 
and B = 4.6. Figure 1 only depicts a small part of the bifurcation diagram, containing three folds 
I , I I I 
0 
I c 
0.1 0.2 0.3 0.4 0.5 L 
Fig. 1. Part of the bifurcation diagram X(0) versus L for system (7) with DA = 0.5; 
DB = 00; A, = 2.0 and B, = 4.6; f, are folds (see also Table 1). 
D, = 0.0016; D, = 0.008; 
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Table 1 
Folds in the bifurcation diagram with respect to L for Da = 0.5 and B = 4.6 (see Fig. 1) 
L X(O) 
0.3563 0.8245 
0.3124 1.7635 
f3 0.1725 1.8163 
Table 2 
B-points on fold curves in the (DA, L)-space for B = 4.6 
L DA X(O) 
B, 0.48656 0.04108 0.71105 
f32 0.34046 0.02406 0.89000 
B3 0.18125 0.00673 0.99478 
B‘I 0.48799 0.03976 0.78142 
denoted by fi, f2 and f3 (see Table 1). A complete description of the bifurcation diagram and 
the solutions is given in [2]. 
Starting from fi, f2 and f3, we computed fold curves in the two-parameter space (DA, L) for 
B = 4.6. The method which we used is explained in detail in [3]. Several B-points were detected 
on the calculated fold curves [22], which are presented in Table 2. 
Starting at these B-points, we computed branches of B-points in the three-parameter space 
(L, DA, B); these branches, labeled (Y and ,8, are depicted in Fig. 2, which is a projection on the 
plane with X(0) and B as coordinate axes. 
These branches of B-points show several limit points with respect to the parameter B. The 
numerical values of the parameters at the two limit points, denoted by L, and L, in Fig. 2, are 
given in Table 3. Note that the B-points B,, B, and B,, computed for B = 4.6 (see Table 2) lie 
on the same branch p (Fig. 2). 
0.7 - 
-. 
*. Lz 
0.5 I I I I I c 
3.5 4.0 4.5 5.0 5.5 6.0 B 
Fig. 2. Branches of B-points in the three-parameter space (L, DA, B), projected on the (X(O), B)-plane. Li and L, 
are limit points (see also Table 3). 
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Table 3 
Limit points of the branches of B-points (see Fig. 2) 
L DA B Jm 
L, 0.40625 0.048758 4.22745 0.85888 
L2 0.61997 0.035908 5.81797 0.60253 
For notational purpose we will assume that, for all values of parameter B, the B-points on 
branch (Y are labeled B,. Branch j3 contains up to three different B-points at a fixed value of the 
parameter B and we will use the following notations: 
_ the B-points on the lower side of branch p, between the two limit points L, and L,, are 
labeled B, ; 
_ the B-points on the upper part of branch p are labeled B,; 
_ the B-points on the remaining part of branch ,B are labeled B,. 
At a limit point of a branch of B-points with respect to the third parameter, two B-points 
coincide in the bifurcation set with respect to the first two parameters. We investigated what 
happens with the Hopf curves, emanating at these coinciding B-points. Therefore we have 
computed the bifurcation set with respect to L and DA, before, on and after the limit points L, 
and L, of the branch /3 in Fig. 2. 
Moving from smaller to larger values of the parameter B gives rise to two B-points, B, and 
B,, at the limit point L,, while at the second limit point L, two B-points, B, and B4, coincide 
and disappear. Near the limit point L,, the B-points B, and B, do not lie on the same fold 
curve. Since B, and B4 coincide at L,, a bifurcation of fold curues must occur in the bifurcation 
set for a value of B between the two limit points L, and L,. 
We now discuss in detail the behaviour of the fold curves, the Hopf curves and the branches of 
B-points in the bifurcation sets with respect to L and DA near the limit point L, (B = 4.227, Fig. 
3), near the “bifurcation of fold curves” (B = 4.355, Fig. 4) and near the limit point L, 
(B = 5.817, Fig. 5). In all the following pictures, fold curves are shown in full line, the Hopf 
A 
DA 
0.08 - 
0.06 - 
0.04 - 
0.02 - 
(a 
I 1 I I lb I I I I * 
0.15 0.25 0.35 0.45 0.55 = 0.15 0.25 0.35 0.45 0.55 = 
Fig. 3. Fold and Hopf curves for system (7) projected on the (DA, L)-plane, computed respectively for (a) B = 4.20 
and (b) B = 4.227. Before the limit point L, (B -C 4.227) only two origins exist, at the limit point two new origins arise 
at a cusp point. 
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curves starting at B, and ending in B, are depicted using squares, those starting at B, are 
indicated by circles, while the Hopf curves emanating at B, are represented by triangles. 
4.2.1. Limit point L, 
Figure 3(a) represents the projection of the fold curves, the B-points and the Hopf curves on 
the (DA, L)-plane for the parameter value B = 4.20. From Fig. 2 it is clear that in the bifurcation 
set for this value of B there are only two B-points present, B, and B,. Remark that, for this 
projection, the first part of the Hopf curve starting at B, lies very close to the fold curve, until 
this branch approaches the B-point B4 and moves away. This phenomenon can be seen as an 
anticipation of the bifurcation of fold curves, as will be shown later. 
If the value of B is increased to the limit point value B = 4.227, we remark from Fig. 2 that 
two new B-points, B, and B,, arise. From Fig. 3(b) we observe that this “double” or 
“degenerate” B-point coincides with a cusp on the fold curve. From the conditions (6) for a 
B-point we can conclude that the Jacobian matrix at such a cusp has a double eigenvalue zero, 
but a one-dimensional nullspace. Compared to the situation at B = 4.20, the two other B-points, 
B, and B,, and the respective Hopf curves do nearly not move or alter their shape. 
Figure 4(a) depicts the situation for a slightly larger value of B, B = 4.30. We remark that the 
two B-points, B, and B,, have moved away from each other, interconnected by a small Hopf 
curve. The same picture also gives an enlargement of the latter Hopf curve. Compared to Fig. 
a I I I I 
0.15 0.25 0.35 0.45 0.55 L 
Fig. 4. Fold and Hopf curves for system (7) projected on the (Da, L)-plane, computed respectively for (a) B = 4.30, 
(b) B = 4.34 and (c) B = 4.37. These figures show the cusp nearing to the second fold curve (a), almost touching it 
right before the bifurcation of fold curves (b) and after the bifurcation (c). 
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3(b), the cusp has moved a little closer to the fold curve through B, and B,. The position of the 
B-points B, and B4 and the shape of the emanating Hopf curve did almost not alter. 
In conclusion we can state that at the first limit point L, two new B-points have arisen on a 
fold curve at a cusp point, and that they move away from each other for increasing values of the 
parameter B, being interconnected by a Hopf curve. 
4.2.2. The bifurcation of fold curves 
When the value of B is increased to 4.34 (Fig. 4(b)) we note that the cusp on the fold curve 
through B, and B, almost touches the fold curve through B, and B,. For B = 4.355, both fold 
curves coincide at the cusp and a bifurcation of fold curves occurs. 
Assume that we denote by Tl the upper part of the fold curve through B, and B,, while we 
label the lower part of this branch T2, and that the fold curve through B, until the bifurcation 
point is called TX, while the rest of this branch from the bifurcation point onwards is called T4. 
Before the bifurcation we have the two fold curves TIT, and T,T,, while after this bifurcation the 
fold curves are TIT, and T2T4. This is illustrated in Figs. 4(b) and 4(c), which are projections on 
the (DA, L)-plane for B = 4.34 and B = 4.37, and the respective enlargements. 
The shape and position of the Hopf curve starting at B, does not alter, but since in Fig. 4(c) 
TX and Tl are connected, the Hopf curve starting at 0, nearly coincides with the fold curve over 
0.05 - 
0.50 0.55 0.60 0.65 L 
b 
1 I I 
L 
I I I I ) 
0.60 0.55 0.60 0.65 L 0.50 0.55 0.60 0.65 0.70 L 
Fig. 5. Fold and Hopf curves for system (7) projected on the (DA, L)-plane, computed respectively for (a) B = 5.75, 
(b) B = 5.817 and (c) B = 6.20. These figures depict the B-points B, and B, (a), which coincide and disappear at the 
cusp point (b), whereafter the Hopf curve is detached from the fold curve at the cusp (c). 
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the whole interval. Thus we can state that this Hopf curve anticipated the bifurcation of fold 
curves. 
These pictures also illustrate that the B-points B, and B, are situated on different fold curves 
for B > 4.355. If B increases, they move further away from each other while the interconnecting 
Hopf curve still grows. 
4.2.3. The second limit point L, 
A last set of pictures for the behaviour of the Brusselator model, represents the situation near 
the second limit point L,. Figures 5(a), 5(b) and 5(c) respectively are constructed for B = 5.75, 
B = 5.817 (which is the limit point value of B), and B = 6.20. They only show a small part of the 
projected bifurcation diagram and the branches of interest. 
For B = 5.75 there are still three Hopf curves, one starting at B4, one starting at B, and one 
interconnecting B, with B,. Only the part of interest is shown for the latter two branches. 
Note that after the bifurcation of fold curves, the B-points B, and B, (and B3) lie on the same 
fold curve. For increasing values of B the two B-points B, and B, move closer to each other 
until they coincide for a value of B = 5.817. Also in this case the coalescence occurs at a cusp 
point. There the Hopf curves starting respectively at B, and B, become interconnected at 
B, = B,. For B > 5.817, the branch starting at B, is detached from the fold curve. Thus for 
B > 5.817 there exist only two Hopf curves, one starting at B, and one emanating at B, and 
both branches evolve towards an infinite value for the diffusion of coefficient of component A. 
5. Application to the tubular reactor model 
5.1. The model 
We also investigated the interaction between fold and Hopf curves for a second model 
problem, describing the axial dispersion of mass and heat in a tubular nonadiabatic reactor 
where a simple first order chemical reaction takes place [9]. The equations for this model are 
3Y 1 a2Y -7X -- 
at Pe ax2 
-g-DaYexp 
aT 1 a2T -= 
at 
---g-P(T-T,)+BDaexp(y-+), 
Pe ax2 
with boundary conditions 
x=0: E=Pe(Y-I), E = Pe(T- l), 
Pa> 
Pb) 
Y and T represent the concentration and the temperature respectively. The bifurcation behaviour 
of this system with respect to Da (the Damkohler number) has been studied extensively, see 
[8,15]. We will consider p (the heat transfer coefficient) as the second parameter and y (the 
activation energy) as the third parameter. For the discretization of the steady state equations of 
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this problem, we used the customary 0( h2)-discretization with h = A, which gives an accuracy 
of a few digits on the results. 
5.2. Results 
Heinemann and Poore [8] computed bifurcation diagrams with respect to Da for Pe = 5, 
y = 25, B = 0.5, T, = 1 and for various values of p. For /3 = 2 the diagram shows four folds. 
Starting from these points we computed the fold curves using the continuation code PITCON 
[19]. In Fig. 6(a) we show projections of the computed fold curves, using Y(0) and /I as 
coordinate axes [21]. Y(0) represents the concentration on the left edge of the reactor. Note that 
in this projection the fold curve resembles a quadratic polynomial in the vicinity of the cusps C,, 
C, and C,. Indeed, a cusp is a quadratic turning point of a fold curve [24]. On these fold curves, 
we computed B-points, employing the previously explained algorithm. The results are given in 
Table 4. Note that B, lies very close to the cusp point C, (see Fig. 6(a)). 
Starting from these B-points we computed the Hopf curves by using the determining system 
(3) incorporated in the PITCON-code. These are the dotted branches as depicted in Fig. 6(a). 
This picture shows that the Hopf curves starting at B, and B, respectively end in B4 and B,. 
Both branches have a limit point with respect to /3, the Hopf curve BIB4 at p = 1.79 and the 
Hopf curve B,B, at /3 = 13.1. 
Considering y as the third parameter, we computed branches of B-points starting from the 
B-points for y = 25. We found two branches, interconnecting B, with B, and B, with B4 
respectively (see Fig. 7). Both branches of B-points have a limit point with respect to the 
parameter y, denoted by L, and L,, respectively at y = 23.1 and y = 22.3. In the discussion 
Y(O) 
0.8 - 
0.6 - 
. . . . 
. . . . 
0.5 a . . . . 
I I 
0 1 2 
'... 
3 
B 
0.9 83 
Y(O) 
CZ 
,:’ 
,.... . . . . 
“...., 
0.8- cl 
‘... 
Bl Q 
'...., 
'..., 
0.7 - B2 
0.6 - . . . . '. 1. '... 
0.5 b 
'..... 
'.. 
I I I 
0 1 2 3 
B 
Fig. 6. Projection on the (Y(O), /3)-plane of fold and Hopf curves for system (9) respectively for (a) y = 25 and (b) 
y = 23.5. Between y = 25 and y = 23.5 a bifurcation of the two Hopf curves occurs. 
~ : fold chrve; . . . . . . : Hopf curve 
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Table 4 
B-points for the tubular reactor model with Pe = 5, y = 25, B = 0.5 and T, = 1 
Da P Y(0) T(O) 
Bl 0.0771280 1.2170586 0.8783655 1.0366636 
B, 0.0838718 1.3702861 0.6170820 1.1216478 
B, 0.1629411 2.4712925 0.9323363 1.0163622 
B4 0.0445415 0.8196301 0.9726650 1.0087249 
I I I 
22 23 24 25 
Y 
Fig. 7. Branches of B-points for system (9) in the three-parameter space (Da, /3, y) projected on the (p, y)-plane. 
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Fig. 8. Projection on the (Y(O), p)-pl ane of fold and Hopf curves for system (9) respectively for (a) y = 23.15 and (b) 
y = 23.0. When the B-points B, and B, have coincided (for y = 23.1) the Hopf curve has been detached from the 
fold curve to form a closed Hopf curve. 
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given below, we will denote by B, and B, the B-points on the lower part, respectively the upper 
part of the branch containing L,, and the B-points on the lower and upper part of the branch 
through L, will be labeled by B, and B, respectively. 
We also computed the bifurcation set with respect to Da and /3 for y = 23.5, which is given in 
Fig. 6(b). Here we found two Hopf curves interconnecting B, with B,, respectively B, with B4. 
Hence a bifurcation of two Hopf curues occurred in the bifurcation set for a value of y between 
y = 25 and y = 23.5. 
We now discuss the phenomena occurring at the limit point L, of one of the branches of 
B-points. Decreasing the value of y towards the limit point at y = 23.1 will move the two 
B-points B, and B, closer to the cusp point. Figures 8(a) and 8(b) show the situation for 
y = 23.15 and y = 23 respectively. Figure 8(a) depicts the two B-points B, and B, close to each 
other and to the cusp point, and shows the Hopf curve which interconnects these two B-points. 
In Fig. 8(b), the parameter y is beyond its limit point value for which the two B-points B, and 
B, have coincided at the cusp point and have disappeared. The Hopf curve has been detached 
from the fold curve and forms an isolated branch with two limit points for the parameter p. This 
formation of a closed Hopf curve is a new phenomenon which was not yet detected in the 
Brusselator model discussed in section 4. 
6. Conclusion 
In this paper we studied the interaction of fold curves and Hopf curves in three-parameter 
problems. Therefore, we computed bifurcation sets for two-parameter problems and we studied 
the evolution of these bifurcation sets with respect to the third parameter. 
In a two-parameter problem a Hopf curve bifurcates from a fold curve at a B-point. In a 
three-parameter problem branches of B-points can exist and we found that a limit point of such 
a branch, i.e. a degenerate B-point, coincides with a cusp point on the fold curve. At such a limit 
point Hopf curves can appear or disappear in the bifurcation set for the two-parameter problem, 
but also more complex phenomena can occur. Further we observed, for certain values of the 
third parameter, the occurrence of bifurcation of Hopf curves and also bifurcation of fold curves 
at a cusp. 
These phenomena were observed in the mathematical models for two problems describing 
chemical reacting systems, i.e. the Brusselator model and the tubular reactor. To our knowledge, 
a complete theoretical description of these phenomena is still missing. Guckenheimer [7] 
describes a similar interaction of B-points and cusps for a related problem, the CSTR model. 
This system consists of two ordinary differential equations containing several parameters. An 
analytical study of the normal form of this system reveals that in a three-parameter space a 
codimension-three bifurcation point exists, at which a branch of B-points and a branch of cusps 
coincide. The projection of the curve of B-points on a plane in the three-parameter space 
generically has a limit point at the codimension-three point. 
Finally, these computations illustrate the efficient methods which we developed for the 
calculation of Hopf bifurcation points, fold and Hopf curves and B-points. 
B. De Dier et al. / Interaction between fold and Hopf curves 185 
Acknowledgement 
The authors would like to thank the referees for their helpful comments and G. Dangelmayr 
for bringing Ref. [7] to our attention. 
References 
[l] V.I. Arnold, Geometrical Methods in the Theory of Ordinary Differential Equations (Springer, New York, 1983). 
[2] B. De Dier, F. Walraven, R. Janssen, P. Van Rompay and V. Hlavacek, Bifurcation and stability analysis of a 
one-dimensional diffusion-autocatalytic reaction system, 2. Naturforsch. 42a (1987) 99221002. 
[3] B. De Dier and D. Roose, Determination of bifurcation points and catastrophes for the Brusselator model with 
two parameters, in: T. Kipper, R. Seydel and H. Troger, Eds., Bifurcation: Analysis, Algorithms, Applications, 
Internat. Ser. Numer. Math. 79 (Birkhauser, Basel, 1987). 
[4] B. De Dier and D. Roose, Numerical determination of a branch of codimension two bifurcation points in a 
three-parameter problem, Report TW99, Dept. Computer Science, K.U. Leuven, 1987. 
[5] B. Fiedler, Global Hopf bifurcation of two-parameter flows, Arch. Rat. Mech. Anal. 94 (1986) 59981. 
[6] J. Guckenheimer and Ph. Holmes, Nonlinear Oscillations, Dynamical Systems and Bifurcations of Vector Fields, 
Applied Mathematical Sciences 42 (Springer, New York, 1983). 
[7] J. Guckenheimer, Multiple bifurcation problems for chemical reactors, Physica 20D (1986) l-20. 
[8] R.F. Heinemann and A.B. Poore, Multiplicity, stability and oscillatory dynamics of the tubular reactor, Chem. 
Engng. Sci. 36 (1981) 1411-1419. 
[9] V. Hlavacek and H. Hofmann, Modeling of chemical reactors XVI&XVII. Steady state axial heat and mass 
transfer in tubular reactors. An analysis of the uniqueness of solutions. Numerical investigation of multiplicity, 
Chem. Engng. Sci. 25 (1970) 173-199. 
[lo] G. Iooss and D.D. Joseph, Elementary Stability and Bifurcation Theory (Springer, New York, 1980). 
[ll] R. Janssen, V. Hlavacek and P. Van Rompay, Bifurcation patterns in reaction-diffusion systems, Z. Naturforsch. 
38a (1983) 487. 
[12] A.D. Jepson and H.B. Keller, Steady state and periodic solution paths: their bifurcations and computations, in: 
T. Ktipper, H.D. Mittelmann and H. Weber, Eds., Numerical Methods for Bifurcation Problems, Internat. Ser. 
Numer. Math. 70 (Birkhauser, Basel, 1984) 219-246. 
[13] A.D. Jepson, A. Spence and K.A. Cliffe, Hopf along a fold, Harwell Report TP 1264, 1988; also, ZMA J. Numer. 
Anal., submitted. 
[14] H.B. Keller, Numerical solution of bifurcation and nonlinear eigenvalue problems, in: P.H. Rabinowitz, Ed., 
Applications of Bifurcation Theory (Academic Press, New York, 1977) 2599284. 
[15] M. Kubicek and M. Holodniok, Evaluation of Hopf bifurcation points in parabolic equations describing heat and 
mass transfer in chemical reactors, Chem. Engng. Sci. 39 (1984) 593-599. 
[16] G. Moore and A. Spence, The calculation of turning points of non-linear equations, SIAM J. Numer. Anal. 17 
(1980) 567-576. 
[17] G. Nicolis and I. Prigogine, Self-organization in Non-equilibrium Systems (Wiley, New York, 1977). 
[18] I. Prigogine and R. Lefever, Symmetry breaking instabilities in dissipative systems II. J. Chem. Phys. 48 (1968). 
[19] W.C. Rheinboldt and J.V. Burkardt, A locally parametrized continuation process, ACM-TOMS 9 (1983) 
215-241. 
[20] D. Roose and V. Hlavacek, A direct method for the computation of Hopf bifurcation points, SIAM J. Appl. 
Math. 46 (1985) 879-894. 
[21] D. Roose, Numerical computation of origins for Hopf bifurcation in a two-parameter problem, in: T. Kiipper, R. 
Seydel and H. Troger, Eds., Bifurcation: Analysis, Algorithms, Applications, Internat. Ser. Numer. Math. 79 
(Birkhauser, Basel, 1987). 
[22] D. Roose and B. De Dier, Numerical determination of an emanating branch of Hopf bifurcation points in a 
two-parameter problem, Report TW82, Dept. Computer Science, K.U. Leuven, 1987; also, SZAM J. Sci. Stat. 
Comp., to appear. 
186 B. De Dier et al. / Interaction between fold and Hopf curves 
[23] R. Seydel, Numerical computation of branch points in nonlinear equations, Numer. Math., 33 (1979) 339-3.52. 
[24] A. Spence and B. Werner, Nonsimple turning points and cusps, IMA J. Numer. Anal. 2 (1987) 314-427. 
[25] A. Spence, K.A. Cliffe and A.D. Jepson, A note on the calculation of paths of Hopf bifurcations, J. Comp. Appl. 
Math. 26 (l&2) (1989) 125-131 (this issue). 
[26] A.M. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Sot. London B237 (1952) 37-72. 
